We consider a hybrid quantum many-body system formed by both a vibrational mode of a nanomembrane, which interacts optomechanically with light in a cavity, and an ultracold atom gas in the optical lattice of the out-coupled light. After integrating over the light field, an effective Hamiltonian reveals a competition between the localizing potential force and the membrane displacement force. For increasing atom-membrane interaction we find a nonequilibrium quantum phase transition from a localized non-motional phase of the atom cloud to a phase of collective motion. Near the quantum critical point, the energy of the lowest collective excitation vanishes, while the order parameter of the condensate becomes non-zero in the symmetry-broken state. The effect occurs when the atoms and the membrane are non-resonantly coupled.
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Hybrid quantum systems combine complementary fields of physics, such as solid-state physics, quantum optics and atom physics, in one set-up. Recently, a hybrid atom-optomechanical system [1] has been realized experimentally [2] in which a single mechanical mode of a nanomembrane in an optical cavity is optically coupled to a far distant cloud of cold 87 Rb atoms residing in the optical potential of the out-coupled standing wave of the cavity light. As the membrane is displaced, it influences the cavity light by the radiation pressure force, and in the bad-cavity limit, the field follows the membrane displacement adiabatically. This modulates the light phase which leads to a shaking of the atom gas in the lattice. The nanomechanical motion of the membrane then couples non-resonantly to the collective motion of the atoms. The aim of combining ultracold atoms and optomechanics [1, [3] [4] [5] [6] [7] is twofold. On the one hand, the ultracold gas can be used for cooling the nanomechanical vibration. On the other hand, emergent phenomena of the correlated quantum many-body system are of interest [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] .
State-of-the-art optomechanics [3] [4] [5] [6] is nowadays able to realize optical feedback cooling [18, 19] of the mechanical oscillator to its quantum-mechanical ground state [20, 21] . Yet, the resolved sideband limit allows ground-state cooling only if the oscillator frequency exceeds the photon loss rate in the cavity [22] [23] [24] . Hence, cooling a macroscopic low-frequency nanomembrane close to its ground state is so far not possible. One promising concept to overcome this limitation [1, 7] is to utilize an ultracold atom gas to lower the membrane temperature, which has been demonstrated recently [2] by sympathetic cooling down to 650 mK. Current investigations aim to a coherent state transfer of robust quantum entanglement [15] .
Apart from cooling the nanomembrane, a particularly interesting fundamental feature is the collective quantum-many body behavior of the hybrid system. For instance, the atom-atom interaction can in principle be coherently modulated by the back-action of the cavity light on the nanooscillator. By this, a long-range interaction emerges which resembles that of a dipolar BoseEinstein condensate (BEC) [25] . In fact, a simpler hybrid quantum many-body system has also been implemented in the form of a BEC in an optical lattice inside a transversely pumped optical cavity. This configuration shows a Dicke quantum phase transition between a normal phase and a self-organized superradiant phase [26] [27] [28] [29] [30] . Moreover, optical bistability [31, 32] , a roton-type softening in the atomic dispersion relation [26, [33] [34] [35] and optomechanical Bloch oscillations [36] were uncovered.
In this work, motivated by recent experiments [2, 10] , we study a hybrid atom-optomechanical setup in the form of a "membrane-in-the-middle" cavity [1, 2, [8] [9] [10] [11] ], see Fig. 1 . Importantly, the light-mediated coupling between the atoms and the membrane is non-resonant here. We take the full lattice potential into account and include also atom-atom interaction in the gas, for which we employ a mean-field treatment. The numerical solution of the generalized Gross-Pitaevskii equation confirms the validity of an analytic approach based on a Gaussian condensate profile. Tuning the atom-membrane coupling by changing the laser intensity, a nonequilibrium quantum phase transition (NQPT) occurs between a phase of non-motional atom-membrane states and states of a collective quantum many-body motion. This phase transition is fueled by the competition of the lattice, trying to localize the atoms at the minima, and the mechanical motion of the membrane which tries to shake the atoms. In the vicinity of the quantum critical point, the energy of the lowest collective excitation mode vanishes and the order parameter of the symmetry-broken state becomes non-zero. This mode-softening is accompanied by a roton-type bifurcation of the decay rate of the collective eigenmodes. Indeed, an instability and collective self-oscillations of a coupled atom-membrane device have been reported recently [10] .
I. MODEL
We consider a single mechanical mode of a nanomembrane with frequency Ω m placed in a low-finesse optical cavity. The outcoupled light of the cavity forms an op- tical lattice in which a BEC is placed. In a quasistatic picture, a finite displacement of the membrane changes the position of the lattice sites, leading to a linear displacement force on the atoms which induces transitions to higher motional bands. A back-action of the atomic motion on the membrane is induced by a displacement of their center-of-mass position, which, again, redistributes the photons in the propagating beams. Consequently, the light field intensity inside the cavity changes, which alters the radiation pressure on the membrane. To achieve a sizable atom-membrane coupling, the typical energy scale of the BEC has to match the membrane frequency. This can be controlled by the light intensity which determines the lattice depth. The corresponding set-up is sketched in Fig. 1 and modeled by a standard Hamiltonian, which describes the atom-membrane coupling directly [1] (see also A). Adiabatically eliminating the light field in a Born-Markov approximation yields the following effective Hamiltonian
Here, ω R = ω 2 L /2m is the recoil frequency of an atom with mass m, V is the optical lattice depth, and ω L the laser frequency. The last term describes the effective atom-membrane coupling with strength λ, where the full structure of the potential is included. a(a † ) and Ψ(Ψ † ) are the bosonic annihilation (creation) operators of the membrane and bosons, which follow the usual algebra, [a,
. Moreover, we have introduced a local atom-atom interaction with strength g. In Eq. (1), we have neglected a term describing a long-range interaction of the form ∼ sin(z) sin(z ) sin(z +z ), which is generated by the photon field. This is justified when the laser frequency is far detuned from the closest atomic transition.
In the condensate regime, a large fraction of the atoms occupies the ground state. Here, we consider weakly interacting atoms that are also weakly coupled to the membrane. Thus, when g, λ ω R , Ω m , the field operator Ψ(z) can be approximated by a complex function ψ(z) according to Ψ(z) √ N ψ(z), where N denotes the number of atoms. To describe the dynamics of the hybrid system, we use the mean-field Lagrangian density associated to the Hamiltonian and given in Eq. (B1) with the complex number a / √ N = α = α +iα and the volume V. We restrict the problem to a single lattice site, i.e., dz → π/2 −π/2 dz and V = π, and use periodic boundary conditions. We proceed in two directions: First, we describe the dynamics analytically with a Gaussian ansatz for the condensate wave function and, second, we numerically solve the ensuing generalized Gross-Pitaevskii equation (GPE) without further approximation. The EulerLagrange equations yield
where we have introduced a phenomenological damping of the mechanical mode with a rate γ. This is due to finite losses caused by both the clamping of the membrane as well as the radiation pressure and represents the dominant damping channel of the hybrid system. From the Hamiltonian in Eq. (1), we see that the two potential contributions V sin 2 (z) and √ N λ(α + α * ) sin(2z) can compete with each other in a dynamical manner which depends on the back-action of the membrane on the atoms and, thus, on the collective behavior of the atoms. This competition yields to the formation of two different stable phases and a NQPT. It manifests itself in a change of the center-of-mass position of the condensate, or the membrane displacement, equivalently. It is similar to the NQPT in the Dicke-Hubbard model [29, 30] , where a self-organized checkerboard lattice occupation is formed above a critical pump strength [26, 27] .
To describe a realistic physical set-up (with a motional state coupling), we consider a membrane with Ω m = 100 ω R , which corresponds to a frequency of several hundred kHz. To match the atomic energy scale with Ω m , one has to load the atoms in a deep optical lattice with V ∼ 10 2 − 10 3 ω R . In this regime and for weak atomic interaction N g ω R , the condensate wave function is well described by a Gaussian profile [37] 
with a time-dependent width σ(t), centered at the position ζ(t), as well as with the corresponding phases β(t) and κ(t). To find the equations of motion of these variational parameters, we determine the lowest cumulants of the condensate probability distribution whose dynamics is described by the generalized GPE (2) . To this end, we multiply Eq. (2) (i) by ψ * (z, t)(z − ζ) and integrate over z, and, likewise, (ii) by ψ
and integrate over z. This yields four linearly independent equations for the variational parameters, two of which areζ = 2ω R (κ + 2βζ) andσ = 4ω R βσ. With these, we 
where the potential energy E = − dzL|α =ψ=0 reads 
II. QUANTUM PHASE TRANSITION IN THE MEAN-FIELD REGIME
Due to the mechanical damping, the combined system will eventually equilibrate. The steady state is characterized by those values α 0 , σ 0 , S 0 which minimize the potential energy functional E(α , σ, S). Indeed, by setting all time-derivatives in Eq. (4) to zero and taking into account Eq. (5), we find the relation √ N λS 0 =Ω m α 0 , so that the equilibrium width σ 0 and order parameter S 0 solve the coupled equations (e At first, we aim at a qualitative understanding of the system for increasing coupling strength λ. To this end, we use these relations and define the potential energy surface as a function of a single variable, i.e., either σ or S (or α ). For instance, E(σ) ≡ E(α 0 (σ), σ, S 0 (σ)) exhibits only a single minimum for σ > 0. Interestingly enough, however, as a function of the control parameter λ, the energy E(S) has either one stable state or two minima. This is visualized by the normalized potential energy surface (S, λ) = Fig. 2(a) . The red curve marks the configuration of minimal energy (S 0 , λ) = 0. There exists a critical coupling λ c , such that for smaller values λ < λ c , the energy surface E(S) forms a single potential well, whereas for λ > λ c we find that E(S) becomes a double well potential with a maximum at S = 0 and two minima.
The resulting order parameter as a function of the atom-membrane coupling λ is shown in Fig. 2(b) for different values of the lattice depth. Here, the solid curves show the results of the analytical approach, whereas the dashed lines refer to the numerical solution of the full GPE. For small values λ, the condensate is symmetrically located around the lattice minima ζ 0 = jπ with j ∈ Z, so the order parameter vanishes, i.e. S 0 = 0. Consequently, the membrane displacement α 0 ∼ S 0 vanishes. The NQPT then occurs at a critical coupling λ c , which follows from solving the implicit equation
Above that critical coupling the atoms start to move away from the positions jπ to displaced lattice minima defined by ζ 0 = jπ + tan −1 (4λα 0 e σ 2 0 /V )/2. The order parameter becomes finite: S 0 = ±Θ(λ − λ c ) e −2σ 2 0 − (λ c,V /λ) 4 . In addition, we show the condensate width σ 0 (λ) in Fig. 2(c) , which turns out to be independent of λ below λ c , whereas it decreases in good approximation with ∼ 1/ √ λ above λ c . In accordance with an expansion of the energy surface with respect to the order parameter, all these observables show that the hybrid system undergoes a second order NQPT.
III. COLLECTIVE EXCITATION MODES
Solving the complete set of equations of motion (4) is challenging. Therefore, we linearize these equations, which gives already an insight into the collective excitation energies. To this end we consider small deviations from the stationary state (α 0 , σ 0 , S 0 (or ζ 0 )) in the form of α (t) = α 0 +δα (t), σ(t) = σ 0 +δσ(t) and ζ(t) = ζ 0 +δζ(t). Next, we linearize the equations of motion with respect to the deviations and find the Eqs. (C1) in the appendix. Interestingly, the oscillation frequencies also indicate the NQPT. Below λ c , the bare frequency
of the ζ-mode is independent of λ, whereas, above λ c , it grows linearly in λ according to ω ζ = √ 4ω R V e −σ 2 0 λ/λ c . In addition, we determine the eigenmodes of the coupled linear equations of motion (C1) by writing the differential equations in the form of a vector-matrixmultiplicationv = M v. The eigenvalues ν k = iω k − γ k of M define the eigenfrequencies ω k and the decay rates γ k . Likewise, we estimate the eigenmodes via the GPE by considering small deviations from the ground state according to ψ(z, t) = e iµt [ψ 0 (z) + δψ(z, t)] and α(t) = α 0 + δα(t). Linearization with respect to the deviations results in a differential equation of the forṁ u(z) = M GP u(z), where the eigenvalues of M GP provide the eigenfrequencies and the decay rates (see appendix D). The eigenfrequencies of the collective excitations without interatomic collisions are shown in Fig. 3(a) and the corresponding decay rates in Fig. 3(c) as a function of the atom-membrane coupling strength. A zoom around λ c is shown in Fig. 3(b) and (d) . The dashed lines show the frequency (rate) calculated in the GPE approach, whereas the solid lines refer to the analytical results. Approaching the critical coupling, the lowest excitation frequency (red, triangles) in Fig. 3(a) and (b) decreases with a roton-type behavior according to ∼ 1 − λ 2 /λ 2 c . At the same time, the corresponding decay rate increases up to a maximum at λ c . In a narrow range ∆λ 0.1 ω R around λ c , a bifurcation of the decay rate can be observed, whereas the lowest excitation frequency is constantly zero. Such a behavior is well known from atomic ensembles with long-range interactions [34, 35, 38, 39] which, in the present case, are mediated by the membrane. Indeed, adiabatically eliminating the membrane mode introduces a long-range interaction potential that takes the form G(z, z ) = G 0 sin(2z) sin(2z ) with G 0 = −2λ 2 /Ω m . Finally, we note that although all figures refer to the case g = 0, we find no qualitative difference when (weakly) interacting atoms are considered. In fact, even for N g 0.1V , the results agree quantitatively.
IV. EXPERIMENTAL REALIZATION.
An experimental observation of this NQPT is possible on the basis of existing experimental set-ups, e.g., in Ref. [11] . The effective atom-membrane coupling does not have to be resonant and can be tuned by modifying the intensity of the laser which determines the lattice depth V . Moreover, an independent tuning of λ can be achieved by applying a second laser which is slightly misaligned relative to the first one and which generates an optical lattice of the same periodicity but shifted by π/2. The commonly accessible observable is the momentum distribution
of the atoms shown in Fig. 4(a) , together with its width for varying λ in Fig. 4(c) . Below λ c , the width is constant, while it increases monotonically for λ > λ c . In addition, the NQPT can also be detected by measuring the eigenfrequency ω 3 of the membrane shown in Fig.  4(b) . It is accessible spectroscopically and can be measured with a high relative precision of much below 1%, so that the cusp at λ c should be clearly resolvable.
V. CONCLUSIONS
We have shown that a hybrid atom-optomechanical system possesses a nonequilibrium quantum phase transition between phases of different collective behavior. Based on a Gross-Pitaevskii like mean-field approach, the steady-state characteristics of an ultracold atomic condensate in an optical lattice, whose motion is nonresonantly coupled to a single mechanical vibrational mode of a spatially distant membrane, has been analyzed. The coupling between both parts occurs via the light field of a common laser. Below the critical effective atom-membrane coupling λ c , the atoms in the combined atom-membrane ground state are symmetrically distributed around their lattice minima. Tuning the atom-membrane coupling above the critical value induces a nonequilibrium quantum phase transition to a symmetry-broken state in which the atomic center-ofmass and membrane displacements are all either positive or negative. In the vicinity of the NQPT, the lowest excitation mode shows roton-type characteristics in the excitation frequency, a mode softening and a bifurcation of the decay rate. Then, we insert the formal solution of (A7) in the equations of motion for a and Ψ(z). The emerging integrals over the field modes ω are of the form
(A8) Finally, neglecting the advanced term and using the relation cos(z) sin(z) = sin(2z)/2, one may insert the result in the equations of motion for a, Ψ and read off the effective Hamiltonian given in Eq. (1) of the main text with the effective coupling λ = λ a λ m /2.
Appendix B: Lagrangian density
The Lagrangian density of the hybrid system can be directly inferred from the effective Hamiltonian in Eq.
(1) in the main paper. It reads
with the complex number a / √ N = α = α + iα and the volume V.
Appendix C: Collective excitations and collective eigenmodes
To obtain physical insight, we consider the set of equations of motion (4) given in the main text. Their explicit solution is not possible analytically, but we can perform an eigenmode analysis. For this, we linearize the Eqs. (4) by considering small deviations from the stationary state (α 0 , σ 0 , S 0 (or ζ 0 )) in the form of α (t) = α 0 +δα (t), σ(t) = σ 0 + δσ(t) and ζ(t) = ζ 0 + δζ(t). The subsequent linearization with respect to the deviations yields
δσ + ω 
Below the critical point, the matrix M becomes blockdiagonal as d α = b σ = 0. In the limit of zero damping, this reduces to an analytically solvable eigenvalue problem of the matrix
M has the four imaginary eigenvalues ν i given by the relation
b ζ c α , which is well satisfied for the parameters chosen in this work, the eigenvalues can be estimated to The set of coupled differential equations (D1) couples the deviations to their complex conjugates. In that sense, the solutions are of the form δα(t) = k [e −iν k t δα +,k + e iν k t δα * −,k ] and δψ(z, t) = k [e −iν k t u k (z) + e iν k t v * k (z)] with complex frequencies ν k . Within this ansatz, the frequencies are determined by solving the eigenvalue problem The eigenvalues of M GP (z) appear in pairs, such that if ν k is an eigenvalue, the negative complex conjugate −ν * k is also an eigenvalue.
Appendix E: Momentum Distribution of the atoms
The momentum distribution of the atoms in a single lattice site is given in Eq. (7) of the main text. If we also take into account that we have, in fact, a periodic potential with M lattice sites, the momentum distribution n lat (k) of the atoms can be calculated as follows. We start from the atomic density in the lattice
where M denotes the number of lattice sites (potential wells). The corresponding momentum distribution of the atoms in the lattice is then 
The atomic momentum distribution n lat (k) of the whole lattice is shown in Fig. 5 together with the single site momentum distribution n(k).
